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1 1.3 Pell's Equation

ll.2 Problems

l. show that if x,! ,z is a Pythagorean triple and n is an integer n ) 2' then

x " * y n # z n .

2.. Show that Fermat's last theorem is a consequence of Theorem I l '2' and the

assertion that xP * yp : zP has no solutions in nonzero integers when p is an

odd prime.

3. Using Fermat's little theorem, show that if p is prime and

a) if xp-l * yn-t : zP-r, then p | *yt .

b) i f  xP + lP : zP, then p |  (x+Y-z).

4. Show that the diophantine equation xo-yo: z2 has no

integers using the method of infinite descent'

5 . U s i n g p r o b l e m 4 , s h o w t h a t t h e a r e a o f a r i g h t t r i a n g l e
never a Perfect square.

6. Show that the diophantine equation xa + 4ya - z2 has no solutions in nonzero

integers.

i. Show that the diophantine equation x' - 8y4 : z2 has no solutions in nonzero

integers.

l .

Show that the diophantine equation xa + 3ya : z4 has infinitely many solutions'

Show that in a Pythagorean triple there is at most one perfect square'

Show that the diophantine equation xz + y2: z3 has infinitely many integer

solutions by showing that for each positive integer k the integers

x : 3k2-1, |  -  k(k2-3), z :  k2 * I  form a solut ion.

Computer Proiects

Write a computer program to search for solutions of diophantine equations such

a s x n  * Y n : z n .

11.3 Pell's Equation

In this section, we study diophantine equations of the form

x 2 - d y ' , : r ,

solutions in nonzero

with integer sides is

8 .

9.

1 0 .

tt.2

(1  1 .2 )

where d and n are fixed integers. When d <0 and n (0, there are no

solutions of (11.2). When d < 0 and n ) 0, there can be at most a finite
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number of solutions, since the equation x2 - dyr: n implies that l"l < fi

il* 
lrl < JM. Also, note that when d is a perfect ,quur., say d : D2,

x2 -  dy ' :  x2 -  Dry :  G+Df l (x-Dy)  -  n

Hence, any solution of Qt.D, when d is a perfect square, corresponds to asimultaneous solution of the equations

::'d=; ,
where a and b are integers such that n : ab. In this case, there are only afinite number of solutions, since there is at most one solution in integers ofthese two equations for each factorization n : ab

For the rest of this section, we are interested in the diophantine equation
x2 - dy':n, where d and n are integers and d is a positive integer which is
not a perfect square. As the following theorem shows, the simpL continued
fraction of -,/v is very useful for the study of this equation.

Theorem 11.3. Let d and n be integers such that d > 0, d is not a perfect
square, and lrl < r/7. . lf x2 - dyI: n, then xfy is a convergent of the
simple continued fraction of ^/7.

Proof. First consider the case where n ) A. Since x2 _ dyr: n,wesee that
( t  r . : ) G +y./7) G -y,/V) : n

From (tt.:), we see that x - y.,/7 ) 0, so that x > yrT. consequently,

>0 ,

and since 0 1 n < ,8, we see that

ta G -,/7v)
Y W

v
:  x2-dY2

y G + y,/7)

*  _, /7
v
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Since 0 <

convergent

When n

- f r\  
YQYJA)

fi
t

\ q I 1

Zy'rld

: l
) rr2L!

1

.,17 < +, Theorem 10.18 tells
2v '-r 

1 fraction of JLslmple contlnueo
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us that x ly must be ax _

v
of the

( 0. we divide both sides of x2 - dy' : n by -d, to obtain

v2 - ,fr*': -3

By a similar argument to that given when n ) 0 o we see that y /x is a

convergent of the simple continuid fraction expansion of ll.r/7' Therefore'

from problem 7 of Slction 10'3, we know tB *l!,:1l, j.,/x) must be a

converyent of the simple continued fraction of './d : l/( l/{cl ) '  u

we have shown that solutions of the diophantine equation x2 - dy': n,

*h;; 
^1"1 

. .n, are gifn by the convergents of the simple continued

fraction expansion of fi. The next theorem will help us use these

convefgents to find solutions of this diophantine equation'

Theorem 11.4. Let d be a positive integer that is not ^ perfect square'

i l ; dk : (io + ',/hlQr, oo: [47.1, P*+r --!*Q! - 'o' '  and

O; ' ; - r :  ( ; " -  pt* 'J lQ*,  t*  L :0,1,2, . . .  where ao: Jd '  Furthermore'  Iet

;J;r denote tie kth convergent of the simple continued fraction expansion of

Jd .  Then

p t -dq t : ( - 1 )& - rgp *1 .

Before we prove Theorem 1 1.4, we prove a useful lemma.

L e m m a  1 1 . 4 .  L e t  r * s r / V : t + r t / l  w h e r e  r , s , t ,  a n d  u  ^ t e  r a t i o n a l

numbers and d is a positive integer that is not a perfect square. Then r : t

a n d s : u .

proof. Since r * s,/7 : t * u,/7, *"see that if s # u then

,/7 - r-t
u -s
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By Theorem 10.1,  ( r - t ) / (u-s)  is rat ional ,  and by Theorem r0.2 Jv i ,irrational. Hence, s : u, and consequently r : t. A
We can now prove Theorem I 1.4.

Proof. Since ̂ E : o,0: Ias;ar, e2,...,ek, otk+tL, Theorem 10.9 tells us that

tj ott+tp* I p*_t-vs  
, r t " r rqk  +  qr r '

Since dk+t : (pt *, + ,/7)/er+r

JV:
(P**t

we have

+ ,8)p* * e*+pr,_t
(P**, + ,/V)qr * et +rQ*_t

Therefore, we see that

dqt t (Pt+flt, I Qt +rQtr-r)f i : (pr,+tpr, * e*+rpt,-r) + p*fi.

From Lemma 11.4, we find that dqr,
Pt+f l*  f  Qt+rQn-t :  pk When we mult ip ly t t .
by qt and the second by pt, subtract the first
simplify, we obtain

p t  -  dq i  :  (p t  q t  - t  -  p r - tQ*)eo* , :  ( -  l )o - teo* r ,

where we have used rheorem 10.10 to complete the proof. tr

The special case of the diophantine equation x2 _ dy, : , with n : I is
called Pell 's equation. we wil l use Theorems ll.3 and rr.4 to find allsolutions of Pell 's equation and the related equation x2 - dy, : -t.

Theorem 1l'5' Let d be a positive integer that is not a perfect square. Letpx/qt denote the kth convergent of the simple continued fraction of .8,
k : 1,2,3,"' and let n be the period length of this continued fraction. Then,
y.!"n ,r, 

even, the positive solutions of the diophantine equation
x-  -  ay"  :  I  a re  

r *  
:  

l i n -  t ,  !  
:  Q i r - t ,  j  :  1 ,2 ,3 , . . . ,  and  the  d iophant ine

equation x2 - dy' : - l has no solutions. when n is odd, the positive
s o l u t i o n s  o f  x 2  -  d ! ' : 1  a r e  x  :  p 2 j n - r , !  :  Q z i n _ r ,  j  : 1 , 2 , 3 , . . .  a n d  t h e
so lu t ions  o f  xz  -  dy ' :  - l  a re  x  :  pe i_Dn_r , l  :  Qe i_r )n_r ,  j  -  1 ,2 ,3 , . . . .

Pyoof. Theorem 1r.3 tells us that if xo,ro is a positive solution of
x2  -  dy ' :  t l ,  then  x0 :  p*2 !o :  Q*  where  p* /q1 ,  i s  a  convergent  o f  the
simple continued fraction of ,/7 . On the other hand, from Theorem I 1.4 we
know that

: P*+tPt, * Q*+et -r and
first of these two equations
from the second, and then
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p t - d q ? : ( - l ) f t - r 2 1 * 1 ,

w h e r e Q x * t i s a s d e f i n e d i n t h e s t a t e m e n t o f T h e o r e m l l . 4 .

Because the period cf the continued expansion oL"/j is n, we know that

Qjn :  Qo:I  for 7 :  1,2,3," ' ,  ( ' int"  J ' l  :  
" t f  

'  Hence'

pk-, - d q?^-t : (- l)i'Qni : (- I )/n '

This equation
x 2 - d y z : l
o f  x 2  -  d y ' :
j  :  1 , 2 , 3 , . . .

To show that the diophantine equations

have no solutions other than those already

implies that n lk and that Q1 # -l for 7 :

We f i rst  note that  i f  Qt*t :  l ,  then

c,k+l: P1ra1 * 'ftr '

Since ok+l : la1ra,.a1r1z,... l, the continued fraction expansiOn of a1a1 is purely

periodic. Hence, Theoiem !0.20 tells us that -1 1 a*+r: Pk+r - ' '17 < O'

This impl ies that  Pk+t: l r /71,  so that dk :  c"o,  and nlk '

T o s e e t h a t Q l # - l f o r 7 : l , 2 , 3 , " " n o t e t h a t Q i : - l i m p l i e s t h a t
dj : -pi -G. 

-'Sin"" 
ct; has a purely periodic simple continued fraction

expansion, we know that

- l  <  e i : - P i + ^ f t t  < 0

and

d j : - P j - - . / 7 > t .

From the first of these inequalities, we see that Pi > -r/7 and, from the

second, we see that Pi < -l -fi. Since these two inequalities for p1 are

contradictory, we see that Qt # -1-

Since we have found all solutions of x2-dy2: I and x2-dy2: -1, where

x and y arc positive integers, we have completed the proof. n

We illustrate the use of Theorem 11.5 with the following examples'

Example. Since the simple continued fraction of .,8 is t l;f ,f ' f ,f ,el the

shows that when n is even Pin-t, Qin-t is a solution of

fo r  7  :1 ,2 ,3 , . . . ,  and  when n  is  odd,  Pz in - t ,421n- t  i s -a  so lu t ion

I  and Pz( j -Dr-r ,Qz( i -Dn-,  is  a solut ion of  x2 -  dy ' :  - l  for

x 2  -  d y '  : 1  a n d  x 2  -  d y 2  :  - 1

found, we wil l show that Qpal: I

1 . 2 . 3 . . .  .
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posi t ive solut ions of  the diophant ine equat ion x2 
.  . l3yr:  I  are pni_t ,et . ' j_t ,

i : l'2'3"" *T]: p1_o1/e.roi-r is the (roi-l)th ctnvergent or ,r," simplecontinued fraction expansion of .,m. The least po-ritiu" sorution ispe:649, {e :  180. The posi t ive solut ions of  the diophant ine equat ionx2-13y2 :  - I  are Prci-o,Qtoi-oi  :  1,2,3, . . . ;  the least  posi t ive solut ion is
P q :  1 8 , q a  :  5 .

Example. Since the continued fraction of -,.fr is t3;Wl, the positive
solut ions of  x2 -  t4y2_: I  are pai-1,e4j-r ,  j  :  r , .2,3, . . .  where p+i- tbqi-r  isthe 7th convergent of the simple continued fraction expansion of Vl4. The
least posi t ive sohl t ion is pt :  15,  Qt:  4.  The diophant ine equat ion
xz - l4y2 : -1 has no rotuiionr, since the period length of the simple
continued fraction expansion af ,/la is even.

We conclude this section with the following theorem that shows how to find
all the positive solutions of pell's equation x2-- dyt : I from the least positive
solution, without f inding subsequent convergents of the continued fraction
expansion of ,/7.

Theorem 11.6. L9t xg1 be the least positive solution of the diophantine
equation x2 - dyL : l, where d is a positive integer that is not a perfect
square. Then all positive solutions xk,lk are given by

x t r * y r f i : ( x t * y r r / v ) o

(Note that xp and y1, are determined by the use of Lemmaf o r k :
I  1 . 4 ) .

Proof. We need to show that x1r,y1, is a solution for k :
every solution is of this form.

To show that x1,/r -.!! a solution, tst note that by taking conjugates, it
follows that x1, - ytrf i: (x r- lr,,/T)k, because from Lemma 10.4, the
conjugate of a power is the power of the conjugate. Now, note that

xt - dyt : (xp + yr,fi)G,, - yr,fi)
:  (x  r  t  y16)o ( " ,  -  yrE)k
: (x? - ayilo
:  1 .

Hence xk,lt is a solution for fr :

To show that every positive solution is equal to
integer ft, assume that X,y is a positive solution
k :  1,2,3, . . . .  Then there is an integer r  such that

and that

x*,lt< for some positive
different from x*,lk for
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(xl + yJ7)" < x + Y./7 ( (x t * v]/a)n*t '

When we multiply this inequality by (x t * y rf i)-" ' we obtain

I  <  (x  r -  r r f i )n (x  +  YJd)  (  x t  +  YI IA '

s ince x? -  dy? :1 impl ies that x t  -  ! t , [ i  :  (x1 * yt , [d)- t .

Now let

s *  /  . /7  : ( r ,  -  yr f i ) ' (x  + YJI) ,

and note that

s 2 - d t z : ( s -  tJa)(s + t , /D
:  ( x t

: (*?
- l-  t .

+ yf /7) '8 -  Y, l7)Gt
- dy?) '8 '  -  dYz)

-  y r f i )n (X + YJA)

We see that s,/ is a solution of x2 - dy': l, and furthermore, we know that

i .; ,fr'.'"*;;';r",lV.--Mor.oner, since we know that s + t-,/7 > 1,

we see that 0 < (s + tJa)-r < 1. Hence
1 -

r : +t(s t r,/7> +(s - r.'.ff)l > o
/-

and

, : 1[(s + t-./7) - (s - t',17)] > o.
2Jd

This means that s, /  is  a posi t ive solut ion,  so that s 2 x1,  and t '2 y1,  by the

choice of x1,y1 as the smallest-positive solution' But this contradicts the

inequality s * f ../7 < xr * ytf i. Therefore X,I ' must be xpy1, for some

choice of /c. tr

To i l lustrate the use of Theorem I1.6, we have the following example'

Example. From a previous example we know that the least positive solution of

the  d iophant ine  equat ion  x2  -  l3y ' :  I  i s  x t :649,  -Pr :  180 '  Hence '  a l l

positive solutions are given by xt, yp where

x* * yr,./n : (649 + tgo\[Lte .

For instance, we have
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x z *

H e n c e  x 2 : 8 4 2 3 6 1 ,  y 2
x2 -  l3y2  :  l ,  o ther  than

Some Nonlinear Diophantine Equations

y 2,8 : 842361 + 233640.,/l t

: 233640 is the least positive solution of
X 1 -  6 4 9 ,  y '  :  1 8 0 .

l l .3 Problems

l ' Find all the solutions of each of the foilowing diophantine equations
a )  x 2  +  3 y 2 : 4

b )  x 2  +  5 y 2  : 7

c )  2 x 2  +  7 y 2 : 3 0 .

2' Find all the solutions of each of the following diophantine equations
a )  x ' - y ' : B

b )  x2  -  4y2 :  40

c) 4xz - 9/2 : loo.

3' For which of the following values of n does the diophantine equation
x2 - 3ly'  :  n havea solut ion

4. Find the least positive solution of the diophantine equations

a) x2 - 29y2 : -1

b)  x2 -  29yz :  1 .

5. Find the three smallest positive

a ) l
b) -1
c ) 2

x 2 - 3 7 y 2 : 1 .

6. For each of the
equation x2 - drz

i l 2
b ) 3
c ) 6
d )  1 3

d) -3
d 4
f)  -s?

following values
: -l has solutions

e)  t j
f )  3 l

e) 4r
h) s0.

solut ions of the diophantine equation

of d determine whether the diophantine

7. The least positive solution of the diophantine equation xz - 6lyz : 1 is
xt:1766319049, l t-  2261i398A. Find the least posit ive solut ion other than
x  t , l  t .
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8. S!g* that if pr/qt is a converggnt of the simple continued fraction expansion of

Jd then lp? - dq?l < | + zJd.

9. Show that if d is a positive integer divisible by a prime of the form 4ft * 3, then
the diophantine equation x2 - dy':  - l  has no solut ions.

Let d and n be positive integers.

il Show that if r,s is a solution of the diophantine equation x2 - dyz : I and
X,Y is a solution of the diophantine equation x2 - dy' : , then
Xr + dYs, Xs t Yr is alsoa solut ion of x2 - dy':  r .

b) Show that the diophantine equation x2 - dyz: n either has no solutions, or
infinitelv many solutions.

I l. Find those right triangles having legs with lengths that are consecutive integers.
(Hint: use Theorem 11.1 to write the lengths of the legs as x -.r2 - 12 and
y :2st, where s and t are posit ive integers such that (s,t) :  l ,  s ) /  and s
and  t  have  oppos i t e  pa r i t y .  Then  x - y : i l  imp l i es  t ha t
( s  -  r ) 2  -  2 t 2 :  + 1 . )

12. Show that each of the following diophantine equations has no solutions

a )  x a - 2 y a : 1  b )  x 4 - 2 y 2 - - 1 .

11.3 Computer Projects

Write programs to do the following:

1. Find those integers n with lrl < Ji such that the diophantine equation
x2 - dyz: rz has no solut ions.

2. Find the least positive solutions of the diophantine equations x2 - dy': I and
x 2  -  d y 2  -  - 1 .

3. Find the solutions of Pell's equation from the least positive solution (see Theorem
I  1 . 6 ) .


